Attractor horizons in six-dimensional 
type I IB supergravity 



Dumitru Astefanesei Olivera Miskovic", and Rodrigo Olea^ 

'^Instituto de Fisica, Pontificia Universidad Catdlica de Valparaiso, 
Casilla 4059, Valparaiso, Chile. 
^ Universidad Andres Bello, Departamento de Ciencias Fisicas, 
Repuhlica 220, Santiago, Chile. 

dumitru. astefanesei@ucv.cl, olivera. miskovic@ucv.cl, 
rodrigo. olea@unab.cl 

March 3, 2013 

Abstract 

We consider near horizon geometries of extremal black holes in six-dimensional type 
IIB supergravity. In particular, we use the entropy function formalism to compute the 
charges and thermodynamic entropy of these solutions. We also comment on the role of 
attractor mechanism in understanding the entropy of the Hopf T-dual solutions in type 
IIA supergravity. 
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1 Introduction 



Warped anti-de Sitter spacetimes in three dimensions (WAdSa) and their quotients play an 
important role in the understanding of non-supersymmetric extremal black holes entropy. In 
particular, WAdSs geometries are vacuum solutions of Topologically Massive Gravity, whose 
stability has been discussed in Ref.[l]. Thus, black hole solutions that are asymptotically 
WAdSs are also expected to exist. Indeed, these black holes are obtained as discrete quotients 
of WAdSs in Ref.p] in the same way the BTZ black hole [31 H] is a quotient space of AdSs. 
Furthermore, WAdSs appears in the near horizon geometry of spinning extremal black holes 
and its role is essential in realization of the Kerr/CFT correspondence [5] (see, also, j6] and the 
references therein). 

An important question is whether there is a way to embed WAdSs and its quotients in 
string/ supergravity (SUGRA) theorie£ without a gravitational Chern-Simons term in three 
dimensions. Once this can be done, one can explore the similarities with the better understood 
AdSs case and try to understand the properties of their dual conformal field theories (CFTs). 
For example, one can obtain important information about the dual CFT, such as the central 
charge, by studying the corresponding black holes in the bulk gravity. 

Interestingly enough, this embedding can be obtained via the near horizon geometries of 
extremal black holes [9] (see, also, Ref.[10j) - a discussion of some properties of the dual CFT 
of these black holes was presented in a nice paper of Anninos pT] . 

In this letter, we generalize some of the results of Refs.|9l [11] by turning on all moduli. 
In particular, we explicitly obtain the near horizon geometries of extremal solutions in six- 
dimensional type IIB SUGRA. We start with a generic near horizon geometry WAdSsxS*^ and 
show that the physical solutions exist only for a particular fibration of WAdSs that, in fact, 
corresponds to AdSa. This result is similar to the one obtained in Refs.[9lfTT|. where the moduli 
are turned off. Since these solutions are related by Hopf T-duahty [9] to solutions of type IIA 
SUGRA with an WAdSs in the near horizon geometry [12], we expect that their study would 
shed some light on the properties of their "cousins" in type IIA SUGRA. 

When the axions are turned on, the entropy function has flat directions and one may wonder 
if the arguments of Ref. [TT] are still valid in this case. However, it was proven in Ref . |13] 
that, even if the near horizon background is not uniquely determined by the extremization 
equations, the entropy is still independent of the asymptotic data. Therefore, due to the 
attractor mechanism, the results of Ref. [11] can be generalized in this case. That is, since 



^WAdSa can be lifted to a full string theory solution in ten dimensions [7] (see, also, [8] for a related 
discussion). 
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the entropies of warped and unwarped solutions match, states with vanishing right-moving 
temperature in the dual CFT of type IIB solution can still be mapped to thermal states with 
vanishing right-moving temperature in the dual CFT of type IIA solution. 



2 Setup 

Instead of looking at the full dimensional reduction of the type IIB action on a six-dimensional 
torus [14j , we focus on a subset of fields |9] for which one can obtain general enough solutions. 
The action constructed as a consistent truncation of IIB string theory to six dimensions has 
the form p] 



LQB = j d^x\r^ L^B 
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(2.1) 



where the six-dimensional manifold is endowed by the metric G^v{x) and the corresponding 
scalar curvature is R. The theory contains four scalar fields -two dilatons 0i, 02 and two 
axions Xii X2,^ the gauge field 2- form A in the NS sector of the theory with the associated field 
strength 3-form F = dA, and also the RR gauge field 2-form B whose field strength 3-form is 
K = dB + Xi dA. We have also introduced a 3-form H = dB and defined a dual 3-form whose 
components are 

*^^uX ^ 1 e^"'^''^maB-y , (2.2) 

3! ' ^ ^ ^ 

where e'^'^^'^i^'y is the constant Levi-Civita tensor density. In our notation the indices are con- 
tracted as FH = Ff.^xH'"'^ and, similarly, F*H = F^^x *H>"'^. 

The equations of motion derived from the action Iqb are presented in Appendix A. Since 
this action is both diffeomorphism and gauge invariant, one can apply the entropy function 
formalism [121 [ISl US] to obtain the near horizon data of extremal black hole solutions of the 
theory. The near horizon geometry can be described by a line element that has the form of a 
product space WAdSs x S^, and so we consider the following ansatz: 



dp 



ds^ = G^^ dx^'dx" = vi \^-p^dr + J + u {dcp + ep dty + V2 dVL^ , (2.3) 

where the local coordinates of the metric of WAdSs black hole near the horizon are t G M, 
p = r — r/i G [0, cxd) and (p G [0,27r), so that the horizon r = Vh corresponds to p = 0. The 
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parameters f «, u > 0, and e are constant. The Ricci tensor ^W^^, and scalar curvature of this 
three-dimensional submanifold with the coordinates (t, p, ip) have the form 

ue"^ — 4t>i 



WAdS. 



2vi 







V 



ep I vi —ue 



2vf 









\ 


2vi—ue'^ 
2vf 
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(2.4) 



ue 



where the parameters Vi, u, and e are arbitrary. The particular case for which vi 
corresponds to a spacetime of constant negative curvature with the AdSs radius £ = 1^fv{. 

For a 3-sphere 5"^ of size f 2, we choose spherical coordinates V^, 6* G [0, vr) and a G [0, 27r 
such that 



(Ml 



Vol(53) 



+ sin^ i\) {dO'^ + sin^ 9 da^) 
sin^ Ip sin 9 dip Ad9 A da , 



(2.5) 
(2.6) 

(2.7) 



The metric Gf^,^ in the local coordinates x'^ = {t, p,(p,ip,9,a) then reads 



G 



diag 



v 



(f 1 — we^) ewp 
% 

eup M 



t;2 
f 2 sin^ 
V2 sin^ ip sin^ 6* 



(2.8) 



so that the invariant volume element is constructed with \^—G = u^^'^vi f 2^^ sin^ ip sin 9, and 
the inverse metric G^"^ is 



= diag 



VL 



1 



— 2 

VI p^ 

^ 

e g 1)1 — ne^ 

Dip uvi 



e 
VI p 





^ 
^ 



ti2 sin 1/) 

















V2 sin'' 'Ip sivL^ 



(2.9) 



In order to adopt an ansatz for the gauge fields, let us note that the 3-form K = dB + 
Xi dA has been defined so that the action explicitly exhibits original symmetries of the eleven- 
dimensional supergravity [H] , but it requires an additional constraint that imposes the Bianchi 
identity on K. We shall, however, work with the original tensor field strengths F = dA and 
H = dB that automatically satisfy the Bianchi identities and, in terms of them, K = H + xiP ■ 

An ansatz for the field strengths F and H that possesses the same symmetries as the metric 
G^u (that is, £i^^F = and £^^^^H = 0), can be written as (for details, see Appendix B) 

F = eidtAdpAd<p + pi6{S^), (2.10) 
H = e2dt AdpAdif + p2e{S^) , (2.11) 
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where Cj and pi are electric and magnetic charges, respectively. 

The ansatz (12. 3p . (I2.10p . and (12. lip is similar to the one used in Ref. [17] (see, also, 
Refs. |18l [To] for similar considerations in AdS). 



3 Entropy function 

To get the near horizon data, we employ the entropy function formalism presented in Refs. 
[131 [151 (see, also, Ref. [20]). 

We want to calculate the entropy function, S, defined by 



S {u, v,e,p) = 2n i qtd - f {u,v,e,p)] , 



(3.1) 



where the electric charges are q = df/de, and 



f = j d'^x^Cm 



(3.2) 



H 



is the action evaluated on the horizon 1-L on the background (12.31) . (12.101) and (12.111) for fixed 
time. In £eB, all fields are evaluated at the horizon, as well. In particular, the values of the 
moduli (scalar fields) at the horizon correspond to a set of parameters 0i(r/j) = mi, 02 (^/i) = ^2, 
Xiijh) = Us and X2('"/i) = "^4. Explicitly, we can write 



/ 



levrGfi 



difdipdOda V—G 



H 



i? - ^ e-"^-"^F2 - ^ e"^-"2 {H + xiFf + X2F AH 



(3.3) 



which, further, taken on a near horizon background, becomes 

.2 / „2 



/ 



1/2 3/2 
U ' Vi f 2 



V2 Vi 



V 



pI 



UVt Vo 



(62+^361)^ {p2+U3Pif 



uvt 



vl 



TT 



4Gf 



■M4 [eiP2 - e2Pi, 



(3.4) 



The extremization of the entropy function £ {u, v, e, p) determines the parameters 

U = {u,Ui,U2,U3,U4} , V = {Vi,V2}, 6 = {6,61,62}, 

in terms of the electric charge q and magnetic charge p of an extremal black hole, 

Q = {q, (11,(12} , P={PuP2}, 



(3.5) 



(3.6) 
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so that, when the attractor mechanism holds, a value of the entropy S = Scxt does not dependent 
on the asymptotic values of the scalar fields. 

The function S, where / is given by Eq. (]3.4p . has an extremum for fixed charges q, p when 

^ = 0, ^ = 0, -7^ = q- 3.7 
ou ov oe 

We solve the attractor equations, which are explicitly given in Appendix A, as follows. 
Taking the sum and difference of Eqs. flA.14p and (lA.lSp . we obtain ei and 62, 

_ Pi ^ _ P| 

which means that F and H are either self-dual or anti self-dual field strengths, *F = and 
*H = ^H, with the dual 3-forms having the components 

1/2 3/2 
*F = dt A dp A dip- e{S'') , (3.9) 

and similarly for *H. Eq. (]A.16P determines that F and H must be simultaneously dual or anti 
self-dual. Then, Eq.f lA.l?]) is identically satisfied. 

The difference of Eqs. (IA.l"8|) and (IA.19P leads to a such u that a near horizon geometry in 
the considered case is always AdSa, 

vi=ue^. (3.10) 
The sum of Eqs. (1A.19P and ( 1A.20P relates the sizes of two product spaces AdS2 and 5*^ as 

V2=^Vi, (3.11) 

as expected in higher dimensions; only in four dimensions and for a vanishing moduli potential 
the radii of AdS2 and the sphere are equal. 

With the last two results, any of Eqs. flA.18tiA.20l) gives the size of the AdS2 space, 

(8t;i)' = e-"^-"2p? + e"^-"2(p2 + M3Pi)' • (3.12) 
Equations flA.211) and flA.221) then determine the dilatons, 

e ' = ■ M4 hM4 (3.13) 

\ 71^ P2+ U3P1 / V ^ Pi J 



g-2«i _ P2+U3P1 



Pi q2 + u^pi) 



(qi - ^3^2) - M4 iP2 + U3P1] 



j^2 



(3.14) 
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where Pi 7^ 0, M3 7^ —22- and 7^ The values of axions on the horizon remain 

arbitrary, which means that the entropy function has flat directions. However, as expected, the 
size of AdS space ( 13.12^ does not depend on them. 



vi = \l (Pi^i + ■ (3.15) 



Finally, the last unknown parameter is found from Eg. (]A.23P 



,Piqi+P2q2 .oifiA 

t . 3.16 

oq 

The signs must be chosen so that vf and are positive. Thus, depending on the signs of the 
electric and magnetic pi charges, only one (dual or anti self-dual) solution is admissible. 

To summarize, the entropy function S has an extremum for the non-trivial values of the 
parameters u, v and e expressed in terms of p and g by equations f l3.10p . (13. lip . (13.131 - [3. 16p 
and 

e, = ±-, e, = ±-. (3.17) 

It is important to emphasize that, since Vi = we^, the warped geometry is not allowed for 
near horizon solutions in type IIB supergravity when there exists spherical symmetry in the 
other three angular directions. In the near horizon limit, the 3- forms F and H become (anti) 
self-dual. Note also that, as expected, the entropy does not depend on the fiat directions and 
it is a function of the physical charges only. 



Se^t = 47rge = A/±27r2 {p^q^ + P2q2)q ■ (3.18) 

When all scalar fields (dilatons and axions) vanish, the moduli equations of the full action 
(12. ip become (see Appendix E]) 

= 0, FH = 0, (3.19) 

= 0, F*H=0, (3.20) 

whose only solutions are dual and self-dual gauge field configurations. This is consistent with 
the results of Ref . 19) . 



4 Discussion 

In this letter, we have explicitly constructed near horizon attractor geometries in type IIB 
SUGRA theory and generalized some results of Ref. [9] in the presence of the axions. These 
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configurations are important because they can be related by Hopf T-dualities |9ji to black hole 
solutions in type IIA SUGRA that have an WAdSa in the near horizon geometry, and also could 
be relevant to understanding the Kerr/CFT correspondence. 

Since we have used the entropy function formalism, we were able to exactly obtain the near 
horizon data and macroscopic entropy. As explained in Section 3, with the axions turned on, 
the entropy function has flat directions and so the near horizon data do not completely decouple 
from the asymptotic data of the scalar fields. At first sight, this result could be problematic 
for the interpretations of the dual CFT of Hopf T-dual type IIA black hole solutions 
However, it is known that, due to the long throat of AdS2, the entropy is still independent 
of these asymptotic data [13]. A successful application of this method is an indication that 
the attractor mechanism should also work for the Hopf T-dual solutions. More importantly, 
the attractor mechanism guarantees that even if the supersymmetry is broken by the Hopf T- 
duality transformation, one can still compute the statistical entropy for which the microscopic 
theory is weakly coupled [T71 [22] . 

A further consistent truncation of action (12. ip can be obtained by turning off the axions and 
a black hole solution in this theory was presented in [11]. The advantage of using the entropy 
function formalism is that we can explicitly obtain the values of the dilatons at the horizon, 
which are 



In this case, there are no flat directions and the near horizon data are completely fixed by the 
electric and magnetic charges due to the attractor mechanism. 

Extremal spinning black holes have an WAdSa geometry near the horizon and, in principle, 
one can Kaluza-Klein reduce the theory to obtain AdS2 and then apply the AdS2/CFTi corre- 
spondence. Another proposal to compute the entropy of (non-SUSY) extremal spinning black 
holes is Kerr/CFT correspondence, though, despite some attempts to embed it in string theory 
[23] . it is not on the same footing with the AdS/CFT duality. 

Using the attractor mechanism and the universality of the near horizon geometry, it was 
shown in [23] that the central charge of the dual CFT of a large class of extremal spinning 
black holes (computed from the Kerr/CFT correspondence) does not match the central charge 
obtained from the AdS2/CFTi (though, they are proportional). Hence, even if the final entropy 
results match, the computations should in fact correspond to two different embeddings in string 
theory. 

Somehow similarly, one can use the observations of Refs. [9], [11] to see that AdSs and WAdSs 
^This method was also applied to Taub-Nut spacetimes in Ref . [21] . 
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also correspond to two different embeddings in string theory related by Hopf T-duality. Since 
the attractor mechanism works in type IIB SUGRA, we expect the same kind of universality of 
the entropy for non-SUSY extremal black hole solutions (with an WAdSa in the near horizon 
geometry [25]) in type IIA SUGRA pL2j. 
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A Equations of motion for the type IIB action 



A more general action of the type (12.11) . describing six- dimensional gravity coupled to scalar 
fields 0* and Abelian gauge field 2-forms A-^ with the field-strength 3-forms = dA'^, is 



(A.l) 



where the Hodge-dual field strength is *F^^^^^ = ^|--i= e^'^'^^'^'^F^^ and the metric G^,y{x) 
lowers and rise the spacetime indices. The equations of motion that extremize the above action 
are 



dJV^g,,dy^) = djAsF^^.F^'^'^' + djABF^^.^F^'^'^' 



and 



(fAB F'''^"' + Iab 



0, 



(A.2) 
(A.3) 

(A.4) 



where we denote di = d/d(j)^ and the scalar curvature in the Einstein equation has been elimi- 
nated using -R = I giji<P) dfj_(p^d'^(f)^ . 

In particular, the field content of the action (12. ip is given by 0* = {0i, 02, Xi? X2} and 
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= {F,H}, with the interaction determined by 



9ij 
Iab 



diag(l,l,e2^^e2^^) , 

g</>l-</>2 f I + g-2</.l 

1 



12 



7 _X2 -1 

- 1 



The equations of motion in this case are as follows. The Einstein equations read 
1 



R 



111/ 



1 

H e~ 

12 



The field equations for dilations are 

^^d, (y3GG^-5,02) - e^-^^ (0x2 
whereas for the axions they have the form 



12 ^ ' 
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-^d,{^/^G^''e^'^-d,Xi) = le'^^-'^^FK, 

Finally, the equations of motion for the gauge fields A^j^ and B^i, can be written as 
1 



[e-^'-'''^F^"'^ + xie'^'''''^K^''^) 



d,X2 *H^''' , 
-d,X2 *F^''^ . 



(A.5) 
(A.6) 



(A.7) 

(A.8) 
(A.9) 

(A.IO) 
(A.ll) 

(A.12) 
(A.13) 



In the near horizon limit when the background becomes fl2.3p . the attractor equations are 
obtained by the extremization of the entropy function given by Eqs. (l3.ip and ( 13 ■4p . Varying it 
in the moduli gives 



U-1—U2 



5ui : = - 

8u2 : = e-"^-"2 



el + ujel pI + uIpI 



6U3 
SU4 



= eip2 - e2Pi 



(A. 14) 

(A.15) 

(A.16) 
(A.17) 



10 



and varying it in the metric parameters 6u, 6vi and 6v2 gives, respectively, 



12 4 3ue^ 
+ ^ 



V2 Vi 



12 ue^ 
4 4 ^ue'^ 



+ ^ 1 + e"i-"^ 



(62 + ^361) _^ {P2+U3P1) 




-UI-U2 / ^1 , Pi 



V2 Vi V{ 

Finally, the extremization in e leads to 



n + ^ l-e" 



(62 + U3ei)_ _^{P2 + U3P1] 



Sei 



5e 



Q2 



TT 



-Ml— «2 



3/2 

eiV2_ 

1/2 



+ 6^^ 



(62 +M36i)M3f2^^ 



, (A.18) 
, (A.19) 
.(A.20) 



4a 



6 



f 1 U 

f 2^^ (62 + ^361) 



f 1 M 



1/2 



+ ^^4P2 



Vi U 



1/2 



M4P1 



^2 g^3/2^3/2 



4^6 fl 



(A.21) 

(A.22) 
(A.23) 



B Near horizon isometries and invariant p-iorms 



We want to find the ansatze of p-forms 



1 



p = 2,3,4. 



(B.l) 



that possess the same symmetries as a 6-dimensional spacetime that is a direct product of 
WAdS3 and S^, as given by the metric G^j^, Eq.f l2.3p . Since spacetime is a product space, the 
p-form with p < 3 is a sum of two p-forms, each one defined on a respective three-dimensional 
subspace, 

^(P) = ^(p)lwAdS3 + ^ip)\s3 ■ (^-2) 
For this purpose, we find the isometries of Gfj_^. In the coordinates x'^ = (t, p, ip, ip, 0, a) and 
for f 1 — ue'^ 7^ 0, the Killing equation 



0, 



(B.3) 
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has 10 linearly independent solutions ^^'^^ = ^^^^^dn, that correspond to near horizon isometries 



= — cos a + cot ^ sin a 9a , 
= sin a + cot ^ cos q; 9a , 

^^^^ = — cos 9 cot il: sin 9 dg , 

^^^^ = — cos q; sin ^ 9 , + cot i/j ( — cos a cos 9 dg + 9a ] , 

= sin q; sin ^ 9, + cot -0 (sin Q! cos ^90 H w ^a] ■ 

\ sm9 / 

The isometry algebra SL{2,R) x f/(l) x 5*0(4) is generated by the operators 

SL{2, M) : Li = i (e(^) - e^'O , SO{A) : J12 = , J23 = -^^^^ , 

U = \ [i^^^ + e^^O ' = -e^^^ , J24 = -e(^) , 

L3 = e^^) , Jl4 = , J34 = e^^^ , 

C/(l) : G = , 

that satisfy the Lie brackets [Lfc,L/] = efc^,„L™, and [Ja6, Jed] = ^ad Jfcc-^bd Jac-^^ac Jfcd + ^fcc Jad- 
Having a complete set of the Killing vectors l^^*-*! i = 1, . . . , 10}, for an each p-form F(p), we 
have to solve the set of equations 

It is straighforward to show that components of a p-form invariant under the Lie-dragging along 
the vectors dt, and 9a, do not depend on the coordinates t, ip and a. 
In particular, we are interested in a 3-form 

F(3) = Ftpy,{p) dt A dp A d(p + F^ga{^, 9) d^tp Ad9 Ada. (B.4) 

Invariance under ^^^^ gives 

£s_(^)Ftp^ = -pdpFtp^ = =^ Ftp^ = ei = Const , (B.5) 
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and invariance under the action of ^^^^ leads to 




cos a (cot 9F^f)a - deF^oa) = =^ F^oaii^i 0) = A(V') sin 9 . 



(B.6) 



Finally, the ^^^^ -mvariance gives 



■£^(8) F^ga = sin 6 cos 6 {2A cot ip — d^A) = =^ ^(V^) = Pi sin^ ; 



(B.7) 



where pi = Const. All other Killing vectors leave this solution for F^ga invariant. 

Therefore, the most general 3-form possessing the same isometries as the metric G^j, is 



where e{S^) = sin^ ip sin 9 dip A d9 A da. 
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